Abstract. This paper is concerned with the behavior of solutions of an R-dimensional nonlinear Volterra integral equation
1. Introduction. In this paper we investigate the behavior of solutions of the «-dimensional nonlinear Volterra integral equation (E) x(t)=f(t)+f'g(t,s,x(s))ds, Jo where t belongs to a half open interval [0, tj), and the functions x, f and g have values in R", the real «-dimensional space. In particular, we shall investigate the behavior of lim|x(/)| as t -» T~ where [0, T) is the maximal interval of existence for the solution x(t). The function / is assumed to be continuous on R + = [0, oo), and we assume that the function g satisfies the following hypotheses:
(HI) The function g is defined for all (t, s, x) E R + X R + X R", g(t, s, x) = 0 whenever s > t and x E R"; moreover, g(t, s, x) is measurable in 5 on [0, /] for each (t, x) E R+ x R", and g(t, s, x) is continuous in x for each fixed pair (t,s)E R+ X R+.
(H2) F01" eacn rea' number K > 0 and each bounded subset B of R " there exists a measurable function m such that \g(t, s, x)\ < m(t, s) (0 < s < t < K, x E B) and supj f m(t, s)ds: 0 < / < K < oo.
(H3) For each compact subinterval J of R +, each bounded set B inR" and each /0 in R +, supí jf|g(f, i, <p(s)) -g(t0, s, <p(s))\ds: <p E C(J; 5)j -+0
as / -> r0. We have from [3] the following information about equation (E), when The purpose of the present paper is to present sufficient conditions for a continuous solution x(t) of (E) on its maximal interval of existence [0, T) to possess the property that |x(i)| -> oo as t^>T~.
In stating additional hypothesis for the function g, we need the following vector notation. for 0 < j < t < t < a and x E Rn.
Our main result is the following theorem. By way of comments, we note that the existence of a maximally defined solution is part of the hypothesis. Applying the results of [3] , mentioned earlier in this paper, we see that equation (E) has a local solution and each solution can be extended to obtain a maximally defined solution. An example where the maximal interval of existence is of the form [0, T),T< + oo will be given in §4.
To conclude this section we state a lemma which will be used in the proof of Theorem 1. -B(t -r)for0 < t < t < T.
Then the limit ofy(t) as t -^ T~ exists.
2. Proof of Lemma 1. Attention will be focused upon the case where v is a real valued function. In particular, the inequality, ■ > -, in (1.2) will now be the usual, >, inequality for real values. The proof for the «-dimensional vector equation will follow immediately.
The hypothesis readily implies that there exists a sequence {/"}, where 0 < tn < tn+x < T for n = 1, 2,..., and a point v0 such that {t"} converges to T andy(t") converges to>>0 as n approaches + oo.
Let e > 0 be given, and let {/,} be an arbitrary increasing sequence of values in [0, T) such that i,-> T~ asy'-> +oo. We choose Mx, sufficiently large, such that \y(Q -y0\ < e/3 and 0 < T -t" < e/3(B + 1) whenever n > Mx. Now pick M2 such that tM < t} < T for ally > M2. It is to be noted that for each j > M2 there is a n¡ > Mx such that tM¡ < tj < t , where .2) imply that the sequence {y(tj)} converges to v0 as/-» +oo. In view of the arbitrariness of the increasing sequence {/,} converging to T, we have that the limit of y(t), as t -» T~, equals v0 E R.
3. Proof of Theorem 1. Definey(t) by (3.1) y(t) = x(t) -f(t) for/e [0,r).
From (3.1) and the hypothesis it follows that v E C([0, T); R").
To prove Theorem 1 we assume that the conclusion does not hold, that is, lim|x(/)| =7* +00 as t-±T~.
It is evident from (3.1) and the above assumption that lim|y(t)\ =*= + oo as / -» T~.
We claim that (3.2) limx(t) as t -> T~ exists.
As a first step in establishing (3.2) we assert that the function y defined by (3.1) satisfies the hypothesis of Lemma 1. Let / and t be elements of [0, T) satisfying 0 < t < t < T. In view of (3.1) (H4) and (H5) one has
Thus it follows that continuous function on [0, T) we have that limit of x(t) as t-+T~ exists.
Thus (3.2) is established.
It is an elementary consequence of (3.2) that x(t) is bounded on [0, T). In view of the result (C2) we have that there is a T0 > T such that x(t) can be extended, continuously, as a solution of (E) on the interval [0, r0] . This violates the interval [0, T) being the maximal interval of existence for the solution x(t). From this contradiction we finally deduce that \x(t)\ -» + oo as t-*T~.
To conclude this section we note that the lower Lipschitz condition of (H5) and the lower bound of (H4) can be replaced by a corresponding upper Lipschitz condition and a corresponding upper bound. In particular, the conclusion of Theorem 1 holds when (H4) and (H5) are replaced by Then \x(t)\ -* +oo as t -» T~.
To realize this Corollary one can take the derivative of x(t) to obtain x'(t) = f(t) + g(t, t, x(t)) + f'g,(t, s, x(s)) ds, t G [0, T).
Jo
Applying conditions (4.1), (4.2) and (4.3) it follows that 
